We study to unify soliton systems, KdV/mKdV/sinh-Gordon, through SO(2,1) ∼ = GL(2,R) ∼ = Möbius group point of view, which might be a keystone to exactly solve some special nonlinear differential equations. More explicitly, we can unify various soliton systems through the "common" KdV type Hirota form Bäcklund transformation with common Hirota form variables. By using this common KdV type Hirota form Bäcklund transformation, we construct cyclic symmetric N -soliton solutions from N pieces of 1-soliton solutions for KdV/mKdV/sinh-Gordon equations. We also give general addition formulae coming from the KdV type Bäcklund transformation which plays an important role to construct N -soliton solutions. In contrast to the KdV type Bäcklund transformation, the well-known mKdV/sinh-Gordon type Bäcklund transformations give non-cyclic symmetric N -soliton solutions. We give an explicit non-cyclic symmetric 3-soliton solution for the mKdV/sinh-Gordon equation.
Introduction
Studies of soliton systems have a long history. The discovery of the soliton system by the inverse scattering method [1] [2] [3] has given the breakthrough to exactly solve some special non-linear equations. There have been many interesting developments to understand soliton systems such as the AKNS formulation [4, 5] , the Bäcklund transformation [6] [7] [8] [9] [10] [11] , the Hirota equation [11] [12] [13] [14] [15] , the Sato theory [16] , the vertex construction of the soliton solution [17, 18] , and the Schwarzian type mKdV/KdV equation [19] .
In our recent papers, we have studied to unify soliton systems such as KdV/mKdV/sinh-Gordon equations from SO(2,1) ∼ = GL(2,R) ∼ = Möbius group point of view [20, 21] . We expect that the various approaches above [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] are connected through the Lie group. We have also formulated soliton systems in a unified manner through the Einstein manifold of AdS 2 in the Riemann geometry, which has SO(2,1) Lie group structure [22] .
We refer a soliton system as that for special types of non-linear differential equations, which have not only exact solutions but also N -soliton solutions constructed systematically from N pieces of 1-soliton solutions via algebraic addition formulae coming from the Bäcklund transformations. As a result, an expression of the N -soliton solution becomes a rational function of polynomial of many 1-soliton solutions. In the representation of the addition formula of SO(2,1) ∼ = GL(2,R) ∼ = Möbius group, algebraic functions such as trigonometric/hyperbolic/elliptic functions 1 come out. We consider SO(2,1) ∼ = GL(2,R) ∼ = Möbius group as the keystone for the soliton system. In the group theoretical point of view, we can connect and unify various approaches for soliton systems.
In this paper, N -soliton solutions would be categorized in terms of two types of Bäcklud transformations. We show one is the well-known KdV type Bäcklud transformation that provides cyclic symmetric N -soliton solutions, while another is the well-known mKdV/sinh-Gordon type Bäcklund transformation that gives non-cyclic symmetric solutions. We also give a general addition formula of the KdV type Bäcklund transformation. An explicit non-cyclic symmetric 3-soliton solution for the mKdV/sinh-Gordon equation would be exposed.
Hirota forms and their Bäcklund transformations 2.1 KdV equation
The KdV equation is given by
. Then the KdV equation turns to be so-called Hirota form
with C 1 as an integration constant. We here take the special case i.e. C 1 = 0, and we consider the special KdV equation in the form
One soliton solution for this special Hirota type KdV equation is given by
The Hirota type Bäcklund transformations in this case are given by
In fact, using the following relation [11] , 
which means that τ ′ is a new solution.
We now show that the Hirota type Bäcklund transformation Eq.(2.5b) can be connected with the following well-known KdV type Bäcklund transformation
Writing down Eq.(2.5b) more explicitly, 
which leads the following equivalence
(2.11)
In the previous paper [20] , we make the connection between the KdV equation and the mKdV equation through the Miura transformation u = ±v x + v 2 with the common Hirota type variables f and g, that is, u = −2(log τ ) xx , τ = f ± g in the KdV equation and v = w x , tanh w/2 = g/f in the mKdV equation. In order to connect the KdV equation with the mKdV equation, we would like to take variables f and g as τ = f ± g, τ ′ = f ′ ± g ′ . For the N -soliton solution, f and g are an even and an odd part of a N -soliton solution under changing an overall sign of each 1-soliton solution. We refer f and g as Hirota form variables. In order to construct N -soliton solutions, only one of the Bäcklund transformations Eq.(2.5b) is sufficient, which is given by
We can simplify Eq.(2.4) by using f and g variables. By using the soliton number unchanging self Bäcklund transformation, i.e. f ′ = f , g ′ = −g, and a = 0 in Eq.(2.12), we have
While by using p = f + g and q = f − g, we obtain an identity
(2.14)
Since we have (−D t D x + D 4 x )p · p = 0 and (−D t D x + D 4 x )q · q = 0 from Eq.(2.4) with τ = f ± g, if we use Eq.(2.13), we have (−D t + D 3
x )p · q = −2(−D t + D 3
x )(f · g) = 0. In this way, Eq.(2.4) is simplified in the following forms
We call Eq.(2.15b) as a structure equation, which determines the structure of N -soliton solutions. While we refer Eq.(2.15a) as a dynamical equation, which yields time dependence of N -soliton solutions. In next subsection, we will see that these equations are the same as those in the special mKdV equation.
mKdV equation
The mKdV equation is given by
Defining v = w x and tanh(w/2) = g/f , we get
We now consider the following special case
Then we have the common structure equation Eq. 
The Bäcklund transformation for the structure equation (2.18b) is given by [11] D 
is a solution, the set (f ′ , g ′ ) produces a new solution by using the Bäcklund transformation.
We can find equivalent forms for the Bäcklund transformations (2.19a) and (2.19b) [11] . First, we consider the following relation
where we have used the Bäcklund transformations (2.19a) and (2.19b ). Secondly, we obtain
where we have used the structure equations D 2 
The Eq.(2.23) is the Hirota type Bäcklund transformation for the special mKdV structure equation Eq.(2.18b). Now we focus on yet another mKdV type Bäcklund transformation [11] w
From Eqs. (2.19a ) and (2.19b), we can obtain (2.27), while the opposite is not always true:
We can show the relation above in the following manner. Using
and their counterparts for (w ′ , f ′ , g ′ ), we have
and those for (w ′ , f ′ , g ′ ). Then we have a relation 
sinh-Gordon equation
The sinh-Gordon equation is given by
(2.30)
Defining tanh(θ/4) = g/f , we obtain
We here consider the special case:
Taking the following relation into account, One soliton solution for this special type sinh-Gordon equation is given by 
Cyclic symmetric N -soliton solutions via Hirota form Bäcklund transformations
Let us first summarize our findings in the previous subsections. By using the Hirota form variables f and g, we can treat the special KdV/mKdV/sinh-Gordon equations in a unified manner: In our previous paper [20] , we have demonstrated how to construct N -soliton solutions from N pieces of 1-soliton solutions by using KdV type Bäcklund transformation Eq.(2.8).
Here we demonstrate how to construct the cyclic N -soliton solutions for N =2 case. We start from the addition formula of the Bäcklund transformation,
where we choose
In order to find a KdV two-soliton solution, we simply take the spacial derivative by using u 12 = z 12,x . While, if we want to find a 2-soliton solution for the mKdV/sinh-Gordon equation, we must know f 12 and g 12 from z 12 . We can find f 12 and g 12 from z 12 = −2τ 12,x /τ 12 + const. with τ 12 = f 12 ± g 12 [20] , but it becomes complicated for the general N -soliton solution. However, it is easier to find the τ 12 -function directly from the Hirota equation (−D t D x + D 4 x )τ 12 · τ 12 = 0 in the standard way [15] , which gives 
Then the 2-soliton solution of sinh-Gordon equation is given by tanh θ 12 /4 =ĝ/f , wherê f 12 = 1 + (a 1 − a 2 ) 2 /(a 1 + a 2 ) 2 eX 1 eX 2 ,ĝ 12 = eX 1 + eX 2 .
In general, we have the cyclic symmetric N -soliton solution by using the common KdV type Bäcklund transformation.
Addition formulae for the common KdV type Bäcklund transformation
In our approach, we construct cyclic symmetric N -soliton solutions by an algebraic addition formula coming from the well-known KdV type Bäcklund transformation, which is equivalent to the common KdV type Bäcklund transformation. For that purpose, we give a result of the general addition formula here.
Let us first review to find a 2-soliton solution by the common KdV type Bäcklund trans-formation. Assuming the commutativity, z 12 = z 21 , we have 
We can check that Eq.(3.2) satisfies Eqs.(3.1a)-(3.1d), which means that it is commutative in this level. Recursively, we have z 12··· ,n−2,n−1,n = z 12··· ,n−2 + a n−1 2 − a n 2 z 12··· ,n−2,n−1 − z 12··· ,n−2,n .
We list various N -soliton solutions obtained through the addition formulae:
• (2+1)-soliton solution
with
(3.5b)
• 3-soliton solution
• (4+1)-soliton solution
General formula
We first define the following quantity Λ(i 1 , i 2 , · · · , i n ) = n p,q=1 p<q
where we set Λ(i 1 , i 2 ) = 1. The general formula is expected to be given in the following form:
• ((2n)+1)-solution
(3.13b)
with F 12···2n+1 = 1 n!(n + 1)! × ǫ i 1 i 2 ···inj 1 j 2 ···jnj n+1 Λ(i 1 , i 2 , · · · , i n )Λ(j 1 , j 2 , · · · , j n , j n+1 )z i 1 z i 2 · · · z in ,
(3.15b) We have checked these formulae up to z 1234567 by Mathematica.
Non-cyclic symmetric 3-soliton solutions of the mKdV equation
Here we consider that another mKdV type Bäcklund transformation Eq.(2.27) of the original mKdV equation gives non-cyclic symmetric soliton solutions. We demonstrate on that by constructing a 3-soliton solution.
Another mKdV type Bäcklund transformation of the mKdV equation is given by [9, 10] w ′
This Bäcklund transformation can be considered as a self gauge transformation of the GL(2,R) in the AKNS formalism [20, 25] . Assuming the commutativity w 12 = w 21 , we have Taking that w 0 = 0 is a trivial solution into account, we have 2-soliton solutions w 12 , and w 13 by using 1-soliton solutions w 1 , w 2 , and w 3 through tanh w i /2 = e X i with X i = a i x + a 3 i t + c i ,
tanh
with a ij = (a i − a j )/(a i + a j ) = −a ji . Next, let us construct a 3-soliton solution. Assuming the commutativity w 123 = w 132 , we have tanh
(4.7)
We express the above with t 1 = tanh(w 1 /2), t 2 = tanh(w 2 /2), and t 3 = tanh(w 3 /2), and tanh
In the expression above, we denote c 0 = a 12 a 13 a 23 , c 1 = −a 12 + a 13 − a 23 , c 2 = −a 12 a 13 a 23 − a 13 + a 23 , c 3 = −a 12 a 13 a 23 +a 12 +a 23 , c 4 = −a 23 , c 5 = a 12 , c 6 = −a 13 , c 7 = a 12 a 13 a 23 −a 12 +a 13 ,
1 , q 5 = t 3 , q 6 = t 2 , q 7 = 1, which satisfy p i q i = t 3 1 t 2 t 3 (i = 0, 1, · · · , 7). We can observe that tanh(w 123 /2) is not cyclic symmetric in t 1 , t 2 , and t 3 . This is the non-cyclic symmetric 3-soliton solution of the mKdV equation derived from another mKdV type Bäcklund transformation.
The non-cyclic symmetric 3-soliton solution for the sinh-Gordon equation can be obtained by replacing tanh(w 123 /2) → tanh(θ 123 /4) and t i = tanh w i /2 = e .X i →t i = tanh θ i /4 = eX i .
Summary and discussions
We consider the reason why special non-linear differential equations, such as KdV/mKdV/sinh-Gordon equations, have the systematic N -soliton solution is because such soliton equations have SO(2,1) ∼ = GL(2,R) ∼ = Möbius group structure. The systematic N -soliton solutions are given as the result of the addition formula of these Lie groups. As the representation of the addition formula of the Lie groups, the algebraic function such as trigonometric/hyperbolic/elliptic functions appear.
We have studied to unify the soliton system through the common addition formula coming from the common KdV type Hirota form Bäcklund transformation, which is equivalent to the well-known KdV type Bäcklund transformation z ′ x + z x = −a 2 /2 + (z ′ − z) 2 /2. By using this common addition formula, we have the cyclic symmetric N -soliton solution of N pieces of 1-soliton. We have also given the general addition formula of this common KdV type Hirota form Bäcklund transformation. While by using another mKdV/sinh-Gordon type Bäcklund transformation w ′ x + w x = a sinh(w ′ − w), we have the non-cyclic symmetric solution. For the non-cyclic symmetric N -solution for the KdV equation, we can construct that from the mKdV non-cyclic symmetric N -soliton solution through the Miura transformation u = ±v x + v 2 . We have given the explicit non-cyclic symmetric 3-soliton solution for the mKdV/sinh-Gordon equation.
We expect that the higher rank Lie groups and higher genus algebraic functions appear in the higher dimensional and the higher symmetric soliton system.
